Introduction {#Sec1}
============

The most well-studied propositional proof system is Resolution (Res), \[[@CR5], [@CR22]\]. It is a refutational line-based system that operates on clauses, successively inferring newer clauses until the empty clause is derived, indicating that the initial set of clauses is unsatisfiable. It has just one satisfiability-preserving rule: if clauses $\documentclass[12pt]{minimal}
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                \begin{document}$$B\vee \lnot x$$\end{document}$ have been inferred, then the clause $\documentclass[12pt]{minimal}
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                \begin{document}$$A\vee B$$\end{document}$ can be inferred. Sometimes it is convenient, though not necessary in terms of efficiency, to also allow a weakening rule: from clause *A*, a clause $\documentclass[12pt]{minimal}
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                \begin{document}$$A \vee x$$\end{document}$ can be inferred. While there are several lower bounds known for this system, it is still very useful in practice and underlies many current SAT solvers.

While deciding satisfiability of a propositional formula is NP-complete, the MaxSAT question is an optimization question, and deciding whether its value is as given (i.e. deciding, given a formula and a number *k*, whether the maximum number of clauses simultaneously satisfiable is exactly *k*) is potentially harder since it is hard for both NP and coNP. A proof system for MaxSAT was proposed in \[[@CR7], [@CR14]\]. This system, denoted MaxSAT Resolution or more briefly MaxRes, operates on multi-sets of clauses. At each step, two clauses from the multi-set are resolved and removed. The resolvent, as well as certain "disjoint" weakenings of the two clauses, are added to the multiset. The invariant maintained is that for each assignment $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$, the number of clauses in the multi-set falsified by $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ remains unchanged. The process stops when the multi-set has a satisfiable instance along with *k* copies of the empty clause; *k* is exactly the minimum number of clauses of the initial multi-set that must be falsified by every assignment.

Since MaxRes maintains multi-sets of clauses and replaces used clauses, this suggests a "read-once"-like constraint. However, this is not the case; read-once resolution is not even complete \[[@CR13]\], whereas MaxRes is a complete system for certifying the MaxSAT value (and in particular, for certifying unsatisfiability). One could use the MaxRes system to certify unsatisfiability, by stopping the derivation as soon as one empty clause is produced. Such a proof of unsatisfiability, by the very definition of the system, can be *p*-simulated by Resolution. (The MaxRes proof is itself a proof with resolution and weakening, and weakening can be eliminated at no cost.) Thus, lower bounds for Resolution automatically apply to MaxRes and to MaxResW (the augmenting of MaxRes with an appropriate weakening rule) as well. However, since MaxRes needs to maintain a stronger invariant than merely satisfiability, it seems reasonable that for certifying unsatisfiability, MaxRes is weaker than Resolution. (This would explain why, in practice, MaxSAT solvers do not seem to use MaxRes -- possibly with the exception of \[[@CR20]\], but they instead directly call SAT solvers, which use standard resolution.) Proving this would require a lower bound technique specific to MaxRes.

Associating with each clause the subcube (conjunction of literals) of assignments that falsify it, each MaxRes step manipulates and rearranges multi-sets of subcubes. This naturally leads us to the formulation of a static semi-algebraic proof system that we call the SubCubeSums proof system. This system, by its very definition, *p*-simulates MaxResW and is a special case of the Sherali--Adams proof system. Given this position in the ecosystem of simple proof systems, understanding its capabilities and limitations seems an interesting question.

**Our Contributions and Techniques** We observe that for certifying unsatisfiability, the proof system MaxResW *p*-simulates the tree-like fragment of Res, TreeRes (Lemma [1](#FPar4){ref-type="sec"}). This simulation seems to make essential use of the weakening rule. On the other hand, we show that even MaxRes without weakening is not simulated by TreeRes (Theorem [1](#FPar15){ref-type="sec"}). We exhibit a formula, which is a variant of the pebbling contradiction \[[@CR4]\] on a pyramid graph, with short refutations in MaxRes (Lemma [2](#FPar6){ref-type="sec"}), and show that it requires exponential size in TreeRes (Lemma [7](#FPar13){ref-type="sec"}).We initiate a formal study of the newly-defined semialgebraic proof system SubCubeSums, which is a natural restriction of the Sherali--Adams proof system. We show that this system is not simulated by Res (Theorem [2](#FPar16){ref-type="sec"}).We show that the Tseitin contradiction on an odd-charged expander graph is hard for SubCubeSums (Theorem [3](#FPar19){ref-type="sec"}) and hence also hard for MaxResW. While this already follows from the fact that these formulas are hard for Sherali--Adams \[[@CR1]\], our lower-bound technique is qualitatively different; it crucially uses the fact that a stricter invariant is maintained in MaxResW and SubCubeSums refutations.Abstracting the ideas from the lower bound for Tseitin contradictions, we devise a lower-bound technique for SubCubeSums based on lifting (Theorem [4](#FPar21){ref-type="sec"}). Namely, we show that if every SubCubeSums refutation of a formula *F* must have at least one wide clause, then every SubCubeSums refutation of the formula $\documentclass[12pt]{minimal}
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                \begin{document}$$F\circ \oplus $$\end{document}$ must have many cubes. We illustrate how the Tseitin contradiction lower bound can be recovered in this way.

The relations among these proof systems are summarized in the figure below, which also includes two proof systems discussed in Related Work.

**Related Work**

One reason why studying MaxRes is interesting is that it displays unexpected power after some preprocessing. As described in \[[@CR12]\] (see also \[[@CR18]\]), the PHP formulas that are hard for Resolution can be encoded into MaxHornSAT, and then polynomially many MaxRes steps suffice to expose the contradiction. The underlying proof system, DRMaxSAT, has been studied further in \[[@CR6]\], where it is shown to p-simulate general Resolution. While DRMaxSAT gains power from the encoding, the basic steps are MaxRes steps. Thus, to understand how DRMaxSAT operates, a better understanding of MaxRes could be quite useful.

A very recent paper \[[@CR15]\] studies a proof system MaxResE where MaxRes is augmented with an extension rule. The extension rule generalises a weighted version of MaxRes; as defined, it eliminates the non-negativity constraint inherent in MaxResW and SubCubeSums. This system happens to be equivalent to Circular Resolution \[[@CR16]\], which in turn is equivalent to Sherali--Adams \[[@CR2]\]. It is also worth mentioning that MaxResW appears in \[[@CR16]\] as MaxRes with a split rule, or ResS.

In the setting of communication complexity and of extension complexity of polytopes, non-negative rank is an important and useful measure. As discussed in \[[@CR11]\], the query-complexity analogue is *conical juntas*; these are non-negative combinations of subcubes. Our SubCubeSums refutations are a restriction of conical juntas to non-negative *integral* combinations. Not surprisingly, our lower bound for Tseitin contradictions is similar to the conical junta degree lower bound established in \[[@CR10]\].

**Organisation of the Paper**

We define the proof systems MaxRes, MaxResW, and SubCubeSums in Sect. [2](#Sec2){ref-type="sec"}. In Sect. [3](#Sec3){ref-type="sec"} we relate them to TreeRes. In Sect. [4](#Sec4){ref-type="sec"}, we focus on the SubCubeSums proof system, showing the separation from Res (Sect. [4.1](#Sec5){ref-type="sec"}), the lower bound for SubCubeSums (Sect. [4.2](#Sec6){ref-type="sec"}), and the lifting technique (Sect. [4.3](#Sec7){ref-type="sec"}).

Defining the Proof Systems {#Sec2}
==========================

For set *X* of variables, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle X \rangle $$\end{document}$ denote the set of all total assignments to variables in *X*. For a (multi-) set of *F* clauses, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {viol}_F:\langle X \rangle \rightarrow \{0\}\cup \mathbb {N}$$\end{document}$ is the function mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ to the number of clauses in *F* (counted with multiplicity) falsified by $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. A (sub)cube is the set of assignments falsifying a clause, or equivalently, the set of assignments satisfying a conjunction of literals.

The proof system Res has the resolution rule inferring $\documentclass[12pt]{minimal}
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                \begin{document}$$D \vee \overline{x}$$\end{document}$, and optionally the weakening rule inferring $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{x}\not \in C$$\end{document}$. A refutation of a CNF formula *F* is a sequence of clauses $\documentclass[12pt]{minimal}
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                \begin{document}$$C_1, \ldots , C_t$$\end{document}$ where each $\documentclass[12pt]{minimal}
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                \begin{document}$$C_i$$\end{document}$ is either in *F* or is obtained from some $\documentclass[12pt]{minimal}
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                \begin{document}$$j,k <i$$\end{document}$ using resolution or weakening, and where $\documentclass[12pt]{minimal}
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                \begin{document}$$C_t$$\end{document}$ is the empty clause. The underlying graph of such a refutation has the clauses as nodes, and directed edge from *C* to *D* if *C* is used in the step deriving *D*. The proof system TreeRes is the fragment of Res where only refutations in which the underlying graph is a tree are permitted. A proof system *P* simulates (*p*-simulates) another proof system $\documentclass[12pt]{minimal}
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                \begin{document}$$P'$$\end{document}$ if proofs in *P* can be transformed into proofs in $\documentclass[12pt]{minimal}
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                \begin{document}$$P'$$\end{document}$ with polynomial blow-up (in time polynomial in the size of the proof). See, for instance, \[[@CR3]\], for more details.

**The MaxRes and MaxResW Proof Systems**

The MaxRes proof system operates on sets of clauses, and uses the MaxSAT resolution rule \[[@CR7]\], defined as follows:The weakening rule for MaxSAT resolution replaces a clause *A* by the two clauses $\documentclass[12pt]{minimal}
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                \begin{document}$$A \vee \overline{x}$$\end{document}$. While applying either of these rules, the antecedents are removed from the multi-set and the non-tautologous consequents are added. If $\documentclass[12pt]{minimal}
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                \begin{document}$$F'$$\end{document}$ is obtained from *F* by applying these rules, then $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {viol}_{F'}$$\end{document}$ are the same function.

In the proof system MaxRes, a refutation of *F* is a sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$F=F_0, F_1, \ldots , F_s$$\end{document}$ where each $\documentclass[12pt]{minimal}
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                \begin{document}$$F_i$$\end{document}$ is a multi-set of clauses, each $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{i-1}$$\end{document}$ by an application of the MaxSAT resolution rule, and $\documentclass[12pt]{minimal}
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                \begin{document}$$F_s$$\end{document}$ contains the empty clause $\documentclass[12pt]{minimal}
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                \begin{document}$$\Box $$\end{document}$. In the proof system MaxResW, $\documentclass[12pt]{minimal}
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                \begin{document}$$F_i$$\end{document}$ may also be obtained from $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{i-1}$$\end{document}$ by using the weakening rule. The size of the proof is the number of steps, *s*. In \[[@CR7], [@CR14]\], MaxRes is shown to be complete for MaxSAT, hence also for unsatisfiability. Since the proof system MaxRes we consider here is a refutation system rather than a system for MaxSAT, we can stop as soon as a single $\documentclass[12pt]{minimal}
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                \begin{document}$$\Box $$\end{document}$ is derived.

**The SubCubeSums Proof System**

The SubCubeSums proof system is a static proof system. For an unsatisfiable CNF formula *F*, a SubCubeSums proof is a multi-set *G* of sub-cubes (or terms, or conjunctions of literals) satisfying $\documentclass[12pt]{minimal}
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We can view SubCubeSums as a subsystem of the semialgebraic Sherali--Adams proof system as follows. Let *F* be a CNF formula with *m* clauses in variables $\documentclass[12pt]{minimal}
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                \begin{document}$$i\in [m]$$\end{document}$, is translated into a polynomial equation $\documentclass[12pt]{minimal}
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                \begin{document}$$C_i$$\end{document}$ iff it satisfies equation $\documentclass[12pt]{minimal}
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                \begin{document}$$j\in [n]$$\end{document}$. A Sherali--Adams proof is a sequence of polynomials $\documentclass[12pt]{minimal}
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                \begin{document}$$ \biggl (\sum _{i\in [m]} g_if_i\biggr ) + \biggl (\sum _{j\in [n]} q_j(x_j^2-x_j) \biggr ) + p_0 +1 = 0 $$\end{document}$$The degree or rank of the proof is the maximum degree of $\documentclass[12pt]{minimal}
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                \begin{document}$$g_if_i, q_j(x_j^2-x_j), p_0$$\end{document}$.
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                \begin{document}$$p_0$$\end{document}$, are conjunctions of literals, thus special kinds of *d*-juntas (Boolean functions depending on at most *d* variables). So $\documentclass[12pt]{minimal}
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                \begin{document}$$p_0$$\end{document}$ is a non-negative linear combination of non-negative juntas, that is, in the nomenclature of \[[@CR11]\], a *conical junta*.

The Sherali--Adams system is sound and complete, and verifiable in randomized polynomial time; see for instance \[[@CR9]\].

Consider the following restriction of Sherali--Adams: Each $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{A,B} \in \mathbb {Z}^{\ge 0}$$\end{document}$, (non-negative integers), and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{A,B}>0 \implies A \cap B = \emptyset $$\end{document}$.
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                \begin{document}$$q_j$$\end{document}$ must be 0, since the rest of the expression is multilinear. Hence, for some non-negative integral $\documentclass[12pt]{minimal}
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The following proposition shows why this restriction remains complete.

Proposition 1 {#FPar1}
-------------

SubCubeSums *p*-simulates MaxResW.

Proof {#FPar2}
-----
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In fact, SubCubeSums is also implicationally complete in the following sense. We say that $\documentclass[12pt]{minimal}
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Proposition 2 {#FPar3}
-------------

If *f* and *g* are polynomials with $\documentclass[12pt]{minimal}
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MaxRes, MaxResW, and TreeRes {#Sec3}
============================

Since TreeRes allows reuse only of input clauses, while MaxRes does not allow any reuse of clauses but produces multiple clauses at each step, the relative power of these fragments of Res is intriguing. In this section, we show that MaxRes with the weakening rule, MaxResW, *p*-simulates TreeRes, is exponentially separated from it, and even MaxRes (without weakening) is not simulated by TreeRes.

Lemma 1 {#FPar4}
-------

For every unsatisfiable CNF *F*, $\documentclass[12pt]{minimal}
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Proof {#FPar5}
-----
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Since a MaxSAT resolution step always adds the standard resolvent, each step in a tree-like resolution proof can be performed in MaxResW as well, provided the antecedents are available. However, a tree-like proof may use an axiom (a clause in *F*) multiple times, whereas after it is used once in MaxResW it is no longer available, although some weakenings are available. So we need to work with weaker antecedents. We describe below how to obtain sufficient weakenings.
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                \begin{document}$$A'\vee \overline{x}$$\end{document}$. Since *T* is regular, no tautologies are created in this process, which ends with multiple "disjoint" weakenings of *A*.

After doing this for each axiom, we have as many clauses as leaves in *T*. Now we simply perform all the steps in *T*.

Since each weakening step increases the number of clauses by one, and since we finally produce at most *s* clauses for the leaves, the number of weakening steps required is at most *s*.    $\documentclass[12pt]{minimal}
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We now show that even without weakening, MaxRes has short proofs of formulas exponentially hard for TreeRes. The formulas that exhibit the separation are *composed* formulas of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$C\in F$$\end{document}$. We use the pebbling formulas on single-sink directed acyclic graphs: there is a variable for each node, variables at sources must be true, the variable at the sink must be false, and at each node *v*, if variables at origins of incoming edges are true, then the variable at *v* must also be true.
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Note that the first three types of clauses are also present in standard composed pebbling formulas, while the last type are the hints.

We prove a MaxRes upper bound for the particular case of pyramid graphs. Let $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar6}
-------
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Proof {#FPar7}
-----
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The case where some of the siblings are missing is similar: if *r* is missing then we use the axiom $\documentclass[12pt]{minimal}
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A constant number of steps suffice for each vertex, for a total of $\documentclass[12pt]{minimal}
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We can prove a tree-like lower bound along the lines of \[[@CR3]\], but with some extra care to respect the hints. As in \[[@CR3]\] we use the *pebble game*, a game where the single player starts with a DAG and a set of pebbles, the allowed moves are to place a pebble on a vertex if all its predecessors have pebbles or to remove a pebble at any time, and the goal is to place a pebble on the sink using the minimum number of pebbles. Denote by $\documentclass[12pt]{minimal}
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This strategy does not falsify any hint clause, because all 0 variables lie on a path, or the sink axiom, because the sink is assigned 0 if at all. Therefore the decision tree ends at a vertex $\documentclass[12pt]{minimal}
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To complete the lower bound we use the Pudlák--Impagliazzo Prover--Delayer game \[[@CR21]\] where Prover points to a variable, Delayer may answer 0, 1, or $\documentclass[12pt]{minimal}
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Lemma 6 {#FPar12}
-------
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-----
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Our strategy ensures that if both $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {PebHint}(P_n)\circ \mathrm {OR}$$\end{document}$ are easy to refute in MaxRes (Lemma [2](#FPar6){ref-type="sec"}), but from Lemmas [3](#FPar8){ref-type="sec"},[5](#FPar10){ref-type="sec"}, and [7](#FPar13){ref-type="sec"}, they are exponentially hard for TreeRes. Hence,

Theorem 1 {#FPar15}
---------

TreeRes does not simulate MaxResW and MaxRes.

The SubCubeSums Proof System {#Sec4}
============================

In this section, we explore the power and limitations of the SubCubeSums proof system. On the one hand we show (Theorem [2](#FPar16){ref-type="sec"}) that it has short proofs of the subset cardinality formulas, known to be hard for resolution but easy for Sherali--Adams. On the other hand we show a lower bound for SubCubeSums for the Tseitin formulas on odd-charged expander graphs (Theorem [3](#FPar19){ref-type="sec"}). Finally, we establish a technique for obtaining lower bounds on SubCubeSums size: a degree lower bound in SubCubeSums for *F* translates to a size lower bound in SubCubeSums for $\documentclass[12pt]{minimal}
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Res Does Not Simulate SubCubeSums {#Sec5}
---------------------------------

We now show that Res does not simulate SubCubeSums.

### Theorem 2 {#FPar16}

There are formulas that have SubCubeSums proofs of size $\documentclass[12pt]{minimal}
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The separation is achieved using subset cardinality formulas \[[@CR19], [@CR23], [@CR25]\]. These are defined as follows: we have a bipartite graph $\documentclass[12pt]{minimal}
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The lower bound requires *G* to be an expander, and is proven in \[[@CR19], Theorem 6\]. The upper bound is the following lemma.

### Lemma 8 {#FPar17}

Subset cardinality formulas have SubCubeSums proofs of size $\documentclass[12pt]{minimal}
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### Proof {#FPar18}

Our plan is to reconstruct each constraint independently, so that for each vertex we obtain the original constraints $\documentclass[12pt]{minimal}
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Equation ([2](#Equ2){ref-type=""}) can be derived analogously, completing the proof.    $\documentclass[12pt]{minimal}
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A Lower Bound for SubCubeSums {#Sec6}
-----------------------------
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These formulas are exponentially hard for Res \[[@CR24]\], and hence are also hard for MaxResW. We now show that they are also hard for SubCubeSums. By Theorem [2](#FPar16){ref-type="sec"}, this lower bound cannot be inferred from hardness for Res.

We will use some standard facts: For connected graph *G*, over $\documentclass[12pt]{minimal}
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A graph is a *c*-expander if for all $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar19}

Tseitin contradictions on odd-charged expanders require exponential size SubCubeSums refutations.

### Proof {#FPar20}

Fix a graph *G* that is a *d*-regular *c*-expander on *n* vertices, where *n* is odd; $\documentclass[12pt]{minimal}
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Lifting Degree Lower Bounds to Size {#Sec7}
-----------------------------------

We describe a general technique to lift lower bounds on conical junta degree to size lower bounds for SubCubeSums.

### Theorem 4 {#FPar21}

Let *d* be the minimum degree of a SubCubeSums refutation of an unsatisfiable CNF formula *F*. Then every SubCubeSums refutation of $\documentclass[12pt]{minimal}
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Before proving this theorem, we establish two lemmas. For a function $\documentclass[12pt]{minimal}
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### Lemma 9 {#FPar22}
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### Proof {#FPar23}
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### Corollary 1 {#FPar24}
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### Proof {#FPar27}

(of Theorem [4](#FPar21){ref-type="sec"}). We prove the contrapositive. Assume $\documentclass[12pt]{minimal}
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*Recovering the Tseitin lower bound:* This theorem, along with the $\documentclass[12pt]{minimal}
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*A candidate for separating Res from SubCubeSums:* We conjecture that the SubCubeSums degree of the pebbling contradiction on the pyramid graph, or on a minor modification of it (a stack of butterfly networks, say, at the base of a pyramid), is $\documentclass[12pt]{minimal}
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                \begin{document}$$F\circ \oplus $$\end{document}$ is hard for SubCubeSums, thereby separating it from Res. We have not yet been able to prove the desired degree lower bound. We do know that SubCubeSums degree is not exactly the same as Res width -- for small examples, a brute-force computation has shown SubCubeSums degree to be strictly larger than Res width.

Discussion {#Sec8}
==========

We placed MaxRes(W) in a propositional proof complexity frame and compared it to more standard proof systems, showing that MaxResW is between tree-like resolution (strictly) and resolution. With the goal of also separating MaxRes and resolution we devised a new lower bound technique, captured by SubCubeSums, and proved lower bounds for MaxRes without relying on Res lower bounds.

Perhaps the most conspicuous open problem is whether our conjecture that pebbling contradictions composed with XOR separate Res and SubCubeSums holds. It also remains open to show that MaxRes simulates TreeRes -- or even MaxResW -- or that they are incomparable instead.
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